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Abstract
In this paper we investigate the behavior of linearized gravitational excitation in the
Born-Infeld Gravity in AdS3 space. We obtain the linearized equation of motion and show
that this higher order gravity propagate two gravitons, massless and massive, on the AdS3
background. In contrast to the R2 models, such as TMG or NMG, Born-Infeld Gravity does
not have a critical point for any regular choice of parameters. So the logarithmic solution is
not a solution of this model, due to this one can not find a logarithmic conformal field theory
as a dual model for Born-Infeld Gravity.
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1 Introduction
It is well known that Einstein gravity suffers from the problem that the theory is nonrenormalizable
in four and higher dimensions. Adding higher derivative terms such as Ricci and scalar curvature
squared terms makes the theory renormalizable at the cost of the loss of unitarity [1]. A few years
ego [2] a new theory of massive gravity (NMG) in three dimensions has been proposed. This theory
is equivalent to the three-dimensional Fierz-Pauli action for a massive spin-2 field at the linearized
level. Moreover NMG in contrast with the Topologically Massive Gravity (TMG) [3] is parity
invariant. With the only Einstein- Hilbert term in the action there are no propagating degrees of
freedom, but by adding the higher curvature terms in the action the situation becomes different.
Usually the theories including the terms given by the square of the curvatures have the massive spin
2 mode and the massive scalar mode in addition to the massless graviton. Also the theory has ghosts
due to negative energy excitations of the massive tensor. The unitarity of NMG was discussed
in [4,5] (see also [6,7]) and this model is generalized to higher dimensions. There are many works on
new theory of massive gravity, see for example [8–13]. Recently, quadratic-curvature actions with
cosmological constant have been introduced in four [14] and D [15] dimensions. It was found that
there exist a choice of parameters for which these theories possess one AdS background on which
neither massive fields, nor massless scalars propagate. By this special choice of the parameters,
which is called as a critical point, there appears a mode which behaves as a logarithmic function
of the distance. The massive graviton modes obey Brown-Henneaux boundary conditions, at the
critical point in parameter space, the massive gravitons become massless and are replaced by
new modes, so-called the logarithmic modes. Logarithmic modes in the framework of the higher-
dimensional critical gravity models were recently found in [16]. After that Bergshoeff et. al [17]
have obtained the logarithmic solutions of the linearized 4-dimensional critical gravity, they have
shown that logarithmic modes are of two types, spin 2 and Proca log modes. The number of
independent spin 2 log modes is given by the number of polarization states of a massless spin 2
field, while the number of independent Proca log modes is given by the number of polarization
states of a massive spin 1 field.
There is this possibility to extend NMG to higher curvature theories. One of these extension of
NMG has been done by Sinha [18] where he has added the R3 terms to the action. The other
modification is the extension to the Born-Infeld type action [19]. The (warped) AdS black hole
solutions for these extensions of NMG have been obtained in [20].
In this paper we would like to investigate the behavior of the linearized gravitational excitations
of Born-Infeld gravity in the background of AdS3 spacetime with Brown-Henneaux boundary
conditions. The similar study for TMG and NMG previously have been done respectively in [21,22].
More than this may be one ask about log modes in critical case of Born-Infeld gravity. Because
as we mentioned, this is a subject of current interest, since log modes are present in the so-called
critical theories of gravity which makes these theories possibly dual to log CFTs. But in contrast
1
to TMG and NMG models, here we show that in the framework of Born-Infeld gravity and in any
regular choice of parameters, there is not any critical point. So logarithmic modes do not arises
and we can not find a logarithmic conformal filed theory as dual model for Born-Infeld gravity.
Following [19,23], a type of extending NMG is based on a Born-Infeld type action. It is interesting
that this action at the first order of the curvature gives the cosmological Einstein-Hilbert action,
it gives the NMG action at the second order of the curvature and have been derived that at the
third and fourth orders, it gives the action presented in [18]. The Born-Infeld type extension of
(non)-critical gravity on AdS space has been considered in [24], in this paper Yi has shown that
this extension is consistent with holographic C-theorem. In reference [25] the unitarity analysis
of general Born-Infeld gravity theories around their constant curvature vacua have been done (see
also [26]).
The authors of [27] have shown that the Born-Infled extension of NMG emerges naturally as
a counterterm in AdS4. Here we consider generally the Born-Infeld action [23]. It was shown
in [28] that in the context of critical gravities arising from Born-Infeld type actions, the trace of
the fluctuation (scalar) h becomes dynamical. In fact unlike R2 theories where the equations of
motion set h to zero [14, 15, 21, 22] in these theories it is not necessary to set h=0.
This paper is organized as follows. In section 2, we review briefly Born-Infeld Gravity. Then in
section 3, we obtain the equation of motion for the linearized excitation hµν around the AdS3
background solution. After that in section 4, we obtain the linearized solutions of the model. In
section 5, we calculate the energy of the linearized gravitons in AdS3 background. Our results are
summarized in section 6.
2 The Born-Infeld Gravity
In this section we review the Born-Infeld action and its equation of motion. The action for the
Born-Infeld Gravity can be written as [19, 23]
IBI−NMG = −4m
2
κ2
∫
d3x[
√
−det(g + σ
m2
G)− (1− λ
2
)
√
−detg], (2.1)
where m is mass parameter, λ is also the cosmological constant term and σ take 1 or −1. Here
Gµν is given by
Gµν ≡ Rµν − 1
2
gµνR (2.2)
In [23] has been shown that the above action reduces to the following action
IBI−NMG = −4m
2
κ2
∫
d3x
√
−detgF (R,K, S), (2.3)
2
where
F (R,K, S) ≡
√
1− σ
2m2
(R +
σ
m2
K − 1
12m4
S)− (1− λ
2
), (2.4)
and
K = RµνR
µν − 1
2
R2, (2.5)
S ≡ 8RµνRµαRαν − 6RRµνRµν +R3. (2.6)
We assume that κ2, m2 are always positive. With choosing σ = −1, the equation of motion of this
action is given [23]
− κ
2
8m2
Tµν = −1
2
Fgµν + (gµν−∇µ∇ν)FR + FRRµν
+
1
m2
FR[RRµν − 2RλναµRλα −(Rµν − 1
2
gµνR)] ,
+
1
m2
[2∇αFR∇µRαν − 2∇αFR∇α(Rµν −
1
2
gµνR)−∇νFR∇µR]
+
1
m2
[(2Rαν∇α∇µ − gµνRαβ∇β∇α −Rµν) +R(gµν−∇µ∇ν)]FR
− 1
m4
FR(2R
ρ
µRραR
α
ν + [gµν∇α∇β(RβρRαρ ) +(RρνRµρ)− 2∇α∇µ(RρνRαρ ])
− 1
2m2
FR([2∇α∇µ(RRαν )− gµν∇α∇β(RRαβ)−(RRµν)]− 2RRρνRµρ)
+
1
2m4
FR[(gµν−∇ν∇µ) +Rµν ](R2µν −
1
2
R2)
− 2
m4
∇αFR[∇α(RρνRµρ) + gµν∇β(RβρRαρ )−∇µ(RρνRαρ )]
+
2
m4
∇α(RρνRαρ )∇µFR +
1
m4
∇αFR[∇α(RRµν) + gµν∇β(RRαβ)−∇µ(RRαν )]
− 1
m4
∇α(RRαν )∇αFR −
1
2m4
(∇µFR∇ν +∇νFR∇µ − 2gµν∇ρFR∇ρ)(R2αβ −
1
2
R2)
− 1
m4
(gµνR
βρRαρ∇αα∇β +RρνRµρ− 2RρνRαρ∇α∇µ)FR
− 1
2m4
(2RRαν∇α∇µ − gµνRRαβ∇α∇β − RRµν)FR
+
1
2m4
(R2αβ −
1
2
R2)(gµν−∇ν∇µ)FR, (2.7)
where
FR =
∂F
∂R
=
1
4m2[F + (1− λ
2
)]
. (2.8)
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with a non-zero cosmological constant Λ = − 1
ℓ2
. The Born-Infeld Gravity admit an AdS3 solution
dS2 = g¯µνdx
µdxν = ℓ2(− cosh2 ρdτ 2 + sinh2 ρdφ2 + dρ2), (2.9)
the Riemann tensor, Ricci tensor and Ricci scalar of the above AdS3 metric are
R¯µαυβ = Λ(g¯µν g¯αβ − g¯µβ g¯αν), R¯µν = 2Λg¯µν , R¯ = 6Λ (2.10)
with substituting these in Eq.(2.4), F become
F (R,K, S) =
√
(1 +
Λ
m2
)3 − (1− λ
2
), (2.11)
putting these in the equation of motion (2.7), one obtains
0 = (−1
2
F +
Λ
2m2[F + (1− λ
2
)]
+
Λ2
m4[F + (1− λ
2
)]
+
Λ3
2m6[F + (1− λ
2
)]
)gµν . (2.12)
By solving (2.12), the parameter λ should be related to the cosmological constant Λ and the mass
parameter as follows
Λ = −m2λ(1− λ
4
), λ < 2 (2.13)
Note that the inequality λ < 2, can not be saturated, since λ = 2 would imply Λ = −m2 and
thereby lead to vanishing F , however, Eq.(2.13) was derived assuming that F is non-vanishing
(and real).
3 Gravitons in AdS3
By expanding gµν = g¯µν + hµν around the AdS3 background solution (2.9), one can obtain the
equation of motion for the linearized excitation hµν as following
¯¯hµν + A¯hµν +Bhµν = 0, (3.1)
where the traceless and divergenceless conditions on hµν have been imposed, i.e., ∇¯µhµν = h = 0
and hµµ = h = 0, respectively. A and B are given by
A =
1
m2 + Λ
(−m4 − 6Λm2 − 5Λ2), (3.2)
B =
1
m2 + Λ
(2Λm4 + 8Λ2m2 + 6Λ3). (3.3)
4
The above equation could be factorized as
(¯− 2Λ)(¯− 2Λ−M2)hµν = 0, (3.4)
where
M2 = m2 + Λ. (3.5)
This equation has solutions that correspond to a massless mode hmµν and a massive mode h
M
µν that
satisfy the following equations of motion:
(¯− 2Λ)hmµν = 0, (¯− 2Λ−M2)hMµν = 0. (3.6)
4 Linearized solutions
We know that the isometry group of AdS3 space is SL(2, R)L × SL(2, R)R, so one can write
the Laplacian acting on tensor hµν in terms of the sum of Casimir operators of SL(2, R)L and
SL(2, R)L, [21], (see also [29, 30])
∇¯2hµν = −[ 2
ℓ2
(L2 + L¯2) +
6
ℓ2
]hµν . (4.1)
So the equation of motion (3.4) can be rewritten as
[− 2
ℓ2
(L2 + L¯2)− 6
ℓ2
+
2
ℓ2
][− 2
ℓ2
(L2 + L¯2)− 6
ℓ2
+
2
ℓ2
−M2]hµν = 0, (4.2)
By considering the highest weight states, where L2|ψµν〉 = −h(h − 1)|ψµν〉, from Eq.(4.2) we can
write
[h(h− 1) + h¯(h¯− 1)− 2][h(h− 1) + h¯(h¯− 1)− 2− 1
2
M2ℓ2]hµν = 0, h− h¯ = ±2 (4.3)
There are two branches of solutions for the above equation. For the massless mode we have
h(h− 1) + h¯(h¯− 1)− 2 = 0, (4.4)
for h = 2 + h¯, we obtain
h¯ =
−1 ± 1
2
, h =
3± 1
2
(4.5)
but for h = −2 + h¯ , we have
h¯ =
3± 1
2
, h =
−1± 1
2
. (4.6)
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Now for second branch i.e, the second massive mode,
h(h− 1) + h¯(h¯− 1)− 2− 1
2
M2ℓ2 = 0, (4.7)
for h = 2 + h¯, we have
h¯ =
−1 ±√1 +M2ℓ2
2
, h =
3±√1 +M2ℓ2
2
(4.8)
and for h = −2 + h¯, we have
h¯ =
3±√1 +M2ℓ2
2
, h =
−1±√1 +M2ℓ2
2
. (4.9)
As have been mentioned in [20,21], the solutions with the lower sign will blow up at infinity, thus we
consider only the ones with the upper sign, i.e (−1+
√
1+M2ℓ2
2
, 3+
√
1+M2ℓ2
2
) and (3+
√
1+M2ℓ2
2
, −1+
√
1+M2ℓ2
2
).
In contrast to the NMG, TMG, and GMG, the Born-Infeld gravity does not have a critical point for
any regular choice of parameters. The critical point can be obtain when M2 = 0, this is the tuning
required for the presence of logarithmic modes. But M2 = 0, with Eq.(3.8) implies m2 = −Λ,
which in turn implies through Eq.(2.13) the equality λ = 2. In other words, logarithmic modes
are present only at λ = 2. But this is precisely the value that is already forbidden by the analysis
in the end of section 2. In the other hand may be one look for a possible limiting solution when
M2ℓ2 → 0 then results m2ℓ2 → 1. Therefore only there is a limiting critical point m2ℓ2 → 1 in
the parameter space m2, Λ; whereas we have m2 > 0 and ℓ2 > 0 (since ℓ2 = − 1
Λ
and Λ always is
negative in the AdS3 background). Because in this limiting point the above massive modes take
the form (0, 2) and (2, 0) which are correspond to the massless modes and the energies of both
highest weight massless and massive modes are zero. When two linearly independent solutions to
a differential equation degenerate, a logarithmic solution appears. This is similar to what have
been done in [31] for AdS wave solutions, where the authors did derive the equations for BI gravity
at the critical point as a limit of the non-critical theory. So as a limiting case, the pure BI gravity
theory is indeed critical, and we obtain a limiting logarithmic solution. But if you set λ = 2, this
will not be valid as we have mentioned, and it can be considered as a limiting solution.
5 The energy of linearized gravitons
Now we would like to calculate the energy of the linearized gravitons in AdS3 background. The
fluctuation hµν can be decomposed as [21, 22]
hµν = h
m
µν + h
M
µν (5.1)
6
Up to total derivatives, the quadratic action of hµν is given by
I2 =
m2 + Λ
m2κ2
∫
d3x
√−g¯(¯¯hµν + A¯hµν +Bhµν)hµν
=
m2 + Λ
m2κ2
∫
d3x
√−g¯(¯hµν¯hµν − A∇¯λhµν∇¯λhµν + Bhµνhµν). (5.2)
The momentum conjugate to hµν is
Π(1)µν =
δ£
δ(∇¯0hµν) = −
2(m2 + Λ)
m2κ2
√−g[∇¯0¯hµν + A∇¯0hµν ], (5.3)
where £ is Lagrangian density.
Now using the equation of motion we can obtain following expression for momentum conjugate
to the massive modes hmµν and h
M
µν respectively
Π(1)µνm = −
2(m2 + Λ)
m2κ2
√−g( 2
ℓ2
−M2)∇0hmµν , (5.4)
Π
(1)µν
M = −
2(m2 + Λ)
m2κ2
√−g( 2
ℓ2
)∇0hMµν , (5.5)
since we have up to four time derivatives in the lagrangian, one can introduce a canonical variable
using the Ostrogradsky method [21,22] as Kµν = ∇¯0hµν . The conjugate momentum of this variable
is given by
Π(2)µν =
2(m2 + Λ)
m2κ2
√−g g00¯hµν , (5.6)
then using the equations of motion we obtain
Π(2)µνm = −
2(m2 + Λ)
m2κ2
√−g g00( 2
ℓ2
) hµνm , (5.7)
Π
(2)µν
M = −
2(m2 + Λ)
m2κ2
√−g g00( 2
ℓ2
−M2) hµνM , (5.8)
Now we can write the Hamiltonian of the system as
H =
∫
d2x(h˙µνΠ
(1)µν + K˙µνΠ
(2)µν − £), (5.9)
Then by substituting the equation of motion of the highest weight states, we obtain the energy of
massless and massive modes as following
Em =
∫
d2x (h˙mµνΠ
(1)µν
m +K˙mµνΠ
(2)µν
m −£) =
2(m4 + 2Λm2 + Λ2)
m2κ2
∫
d2x
√−gh˙mµν∇¯0hµνm , (5.10)
7
EM =
∫
d2x (h˙M µνΠ
(1)µν
M + K˙M µνΠ
(2)µν
M − £) = −
2(m4 + 2Λm2 + Λ2)
m2κ2
∫
d2x
√−gh˙M µν∇¯0hµνM ,
(5.11)
Since the integrals in Eqs.(5.10) and (5.11) are negative, therefore we find that if m2ℓ2 < 2+ 1
m2ℓ4
,
then the energy of the massless modes hmµν is positive and it is negative for m
2ℓ2 > 2 + 1
m2ℓ4
. In
contrast for the massive modes hMµν , if m
2ℓ2 < 2 + 1
m2ℓ4
, then the energy is negative and it is
positive for m2ℓ2 > 2 + 1
m2ℓ4
.
6 Conclusion
In the present paper we have studied the Born-Infeld Gravity in the AdS3 background. We have
obtained the linearized equation of motion around the AdS3 background. In [23], the equation of
motion for graviton have been derived that here we have obtained the linearized equation of motion
and it has been factorized as a massless second order differential equation and a massive second
order differential equation. We have shown that the Born-Infeld Gravity does not have a critical
point for any regular choice of parameters, so in the framework of this model the logarithmic modes
do not appear. This behaviuor is in contrast to the NMG, TMG, and GMG models. Therefore
Born-Infeld Gravity does not have a logarithmic conformal field theory dual for any regular choice
of parameters [32]. Then we have obtained the energies of both the highest massless and massive
modes. If m2ℓ2 < 2+ 1
m2ℓ4
then the energy of the massless mode is positive and is negative for the
massive mode, but if m2ℓ2 > 2 + 1
m2ℓ4
, the energy of the massless mode is negative and positive
for the massive mode. The excitation energies Em, EM have opposite sign.
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